Ocean acoustic wave propagation problems  by unknown
CHAPTER 2 
OCEAN ACOUSTIC WAVE PROPAGATION PROBLEMS 
In this chapter, we formulate the general underwater acoustic propagation problem and introduce 
the approximations that will be used to reduce this problem to a computationally tractable form. 
The limitations that these approximations impose on our solution and the conditions under which 
they are valid are discussed in some detail. 
2.1. THE GOVERNING WAVE EQUATION 
Acoustic wave propagation i an ocean medium for a harmonic point source is governed by the 
reduced wave equation, a homogeneous Helmholtz equation 
V2p -I-k2p -- 0, (2.1) 
where 
V 2 = Laplacian operator; 
p = p(x ,  y, z), the wave field in Cartesian coordinates; 
k = 2 x f /c (x ,  y, z), the wavenumber; 
f = source frequency; 
c = c(x, y, z), the sound-speed profile. 
Consider a simple acoustic wave propagation problem in a rectangular region, as shown in 
Fig. 2.1. 
The region shown in Fig. 2.1 is two-dimensional. Although the effects of horizontal variations 
in the sound-speed profile can be observed [1], they are usually small. Furthermore, rarely is 
suf~cient oceanographic information available to warrant a full three-dimensional solution of the 
wave equation. Hence, our first simplification will be to consider a two-dimensional wave equation. 
(Solution of the three-dimensional w ve equation is discussed by Weinberg and Burridge [2] and 
Perkins and Baer [3].) To include the radial spreading experienced by a point source, this 
two-dimensional wave equation will be expressed in cylindrical coordinates. 
In Cartesian coordinates, the V 2 operator takes the form 
a2p . a2p . a2P_~2_  







Fig. 2.1. A region of sound propagation. 
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If we use cylindrical coordinates for the operator V 2, equation (2.2) becomes 
a2p. l~p a2p. l ~2p +Tz  +k p =0. 
Here we make use of the following: 
x = r cos O, 
y = r s in O 
and 
Further, as we mentioned earUer, 
practice, then, equation (2.2) can bewritten as 
lop 02p + 02P+ - + k~n2p = O. 
~r 2 r~r  ~z  2 
In equation (2.4), we defined 
(2.3) 
Z~Z.  
the horizontal or azimuthal variation is often negligible in 
(2.4) 
k -~ kon  ~ 
where 
ko = 2 ~f/co, Co is a reference sound speed 
and 
n(r, z) = co/c(r, z) is the index of refraction. 
The associated boundary conditions with equation (2.4) can be described by formulas (2.5)-(2.8) 
with the use of Fig. 2.2: 
p(ro, z) = p, (z ), (2.5)  
p(r, zo) = p=(r ), (2.6) 
p(r, zB ) ffi pB(r ) (2.7) 
and 
lira p(r,,, z) = o, (2.8) 
rm~oo 
where 
zB ffi the depth of the ocean bottom, 
r= = the maximum range of propagation, 
r = range variable 
and 
z ffi depth variable. 
The solution of equation (2.4) satisfying the conditions (2.5)-(2.8) requires certain environ- 
mental information. Noticeably important environmental information involves the sound-velocity 
profile (SVP), and surface and bottom conditions. 
p(r, z o) rm 
I= 
I 
a=p + 1 ap + a2P + k~ n = (r. z) p = 0 I r 
a--d r a'~ I 
p(r, z a) 
p(r o, z) 
z 
Fig. 2.2. A well-posed acoustic wave propagation problem. 
Ocean acoustic wave propagation problems 311 
When the ocean medium is uniformly stratified, i.e. when the density, index of refraction and 
thickness of each layer are range invariant, the problem is defined as range-independent. If the 
ocean environment is not stratified uniformly, or if the physical properties (density and index of 
refraction) of the medium vary with range, the problem is range-dependent. Range-indetgmdent 
problems are very well under control and a variety of methods exist for treating these problems. 
In a range-dependent vironment, however, a great deal of effort is required to obtain the solution 
to the wave equation. 
2.2. THE PARABOLIC APPROXIMATION 
In most ocean environments, long range, low-frequency sound propagation is dominated by rays 
having small grazing angles since rays propagating at steep angles are greatly attenuated due to 
penetration and absorption i  the seabed. For efficient handling of this class ofproblems,Tappert [4] 
introduced the parabolic equation (PE) approximation method which decomposes the elliptic wave 
equation into two equations through the choice of an arbitrary separation constant. Parabolic 
approximations to the reduced wave equation can be derived by the use of a matrix that splits the 
total field into a transmitted field and a reflected field. The matrix used to split the wave equation 
is arbitrary; different splitting matrices result in different PEa. We discuss three different splittings 
[5] and specifically derive the conventional parabolic wave equation, introduced by TappeR, which 
is widely used to predict ransmission loss in ocean acoustics. Two of these splittings have been 
discussed by Corones [6], one of which results in the Tappert equation. The third one results in 
the PE of Claerbout [7]. 
We start by considering equation (2.4). Because the ocean boundaries form a waveguide, the 
pressure due to a localized source has the behavior p ~ l/r  u2 at long ranges. Before continuing our 
development it is desirable to first remove this cylindrical spreading factor. We thus define the field 
u by p ffi r - 'au( r ,  z)  and substitute for p in equation (2.4). The result obtained is 
02u I 2 05 1 '~ 
Or2 ffi -- ~ k "b ~z2 "l" ~r2) U. 
The term I/4r 2 does not contribute at ranges beyond a few wavelengths and, hence, will be 
dropped, yielding 
Equation (2.9) may be written as 
ar 2 ffi - u. (2.9) 
o l l[ul 
~r au ffi _ 0__~_ 2 k2  0 au • (2.10) 
L Or J L o:  JL0rJ 
A splitting is defined by introducing a matrix T which defines the transmitted and reflected field 
components, u + and u-,  respectively given by 
[::] rul •T  Ou • 
Lr j 
The substitution of equations (2.11) into (2.10) yields 
[ ,1P'] 
07 oj -JL'-J 
If the splitting matrix is chosen to be 
Toff i~l  1 --i/kol, 
i/ko J 
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where ko is an average wavenumber, the transmitted and reflected fields uf  and ut- are given by 
' '  JL J '="" 
From equation (2.12) 
and 
Ou~_Fi(k2+k~) i 0 2 ] ++FJ(k2_--ko 2) i 0 2- ] 
(2.15) 
ou i  = i ~0"] + . F-i(k2 +k~ i 0 2] 
o, L 2ko .o .L, (2.16) 
Up to this point, no approximations have been made, so that solving this pair of coupled 
equations, (2.15) and (2.16), is equivalent to solving equation (2.9). Equations (2.15) and (2. ! 6) do 
not decouple for the case where k is independent of range, where the transmitted field should be 
independent of the reflected field. To decouple the equations and to obtain a PE, it must be assumed 
that the reflected field is negligible. This yields, for the transmitted field, 
Ou~ Fi(k2 + k2o) i 02 l
Or =~. "2"ko + 2koOz2jU~" (2.17) 
and, if we substitute 
v + -- u~ exp(-/kor), 
v~ obeys the parabolic approximation of Tappert and Hardin [8]. 
Another splitting matrix considered by Corones is 
2_[1 - i/, 1 T, = 1 ilk .J" (2.18) 
For this case, from equation (2.12), the transmitted and reflected fields u~" and u/- obey the 
equations 
and 
Ou+ (ik I Ok i 02"\ /'l Ok i O_~z2z2 ) 
Or ffi 2k Or +"2"k O'z2) u+ +L2-k ~r +-~ u~ (2.19) 
Our ffi(.] Ok i 02~ + ( 1 Ok i 0 2) 
Or \2kOr 2kO-~)u' + -~ 2kOr 2k0"-~ u~'. (2.20) 
Again, this pair of coupled equations (2.19) and (2.20) is equivalent to equation (2.9). The two 
equations do not decouple for the case where k is independent of range. By neglecting reflected 
fields and by assuming that k is a slowly varying function in range, we obtain another form of the 
PE 
Ou~ / .  i 02\ 
Or --L/k +'2"k~'2z2) ut" (2.21) 
A third splitting considers 
where 
,,_- [', -','1, HA J (2.22) 
/ a2 \~/2 
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This yields the following pair of coupled equations for the transmitted and reflected fields u~" and 
u~-: 
du~ ( idA- '  ) d r  2 0 -7 z dA-' = + l (iA)u~ +.-;--¢--- (iA)u; (2.23) 
and 
au~ i aA -I ( i dA-I ) 
dr'=-2 dr (iA)u~+ 2 dr 1 (iA)u~. (2.24) 
For the third splitting, equations (2.23) and (2.24) decouple automatically when k and hence A 
is independent of range to yield exact expressions for the transmitted and reflected fields. When 
k is a slowly varying function of range, a parabolic approximation for the transmitted field is 
du~ ffi iAu~ , (2.25) 
dr 
which is the PE of Claerbout. 
The first two splitting matrices give rise to equations for the transmitted and reflected fields that 
do not naturally decouple for k independent of range. In addition, with the neglect of the reflected 
field, they do not yield an exact expression for the transmitted field for the range-independent case. 
The third splitting overcomes these difficulties; however, it presents the difficulty of finding a 
satisfactory approximation for the operator A. 
While the use of a splitting matrix provides an elegant formalism for deriving parabolic wave 
equations, it does not provide much insight into the physical limitations that the approximations 
impose on the results obtained. We will hence consider more intuitive formulations of PE. 
In obtaining the PE of Tappert [4], Jensen and Krol [9] gave a clear derivation which we 
summarize below along with an approach of our own for deriving the parabolic wave equation. 
We shall also derive the PE of Claerbout where the operator isapproximated bya rational function 
approximation as considered by Greene [10] as well as Gilbert [11]. 
In dealing with the solution of equation (2.4), 
d2p 1 dp d2p 
~r 2 + -r ~r -t- ~z 2 + k2n2p = O, 
we express p(r, z) = u(r, z)v(r), where v(r) is strongly dependent on r while u(r, z) is only weakly 
dependent on r. Substituting p(r, z)ffi u(r, z)v(r) into equation (2.4), we obtain 
u[v,,+!v,]+v[u~+u::+(l+2v,)u,+k2n'u]--O. (2.26) 
Using/Co as a separation constant, for equation (2.26) to be zero, we require 
and 
[.. + ! .,] -- -,o,. 
Upon a rearrangement, equations (2.27) and (2.28) become 






v(r) = H[l)(kor), 
where H[J)(kor) is the zeroth order Hankel function of the first kind. 
Applying the far-field approximation, kor ~ !, equation (2.31) can be approximated by 
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Equation (2.29) is a second order ordinary differential equation which we regard as a "PE". The 
solution of equation (2.29) for an outgoing wave is 
(2.31) 
v(r)ffi~ToreXpli(k'or-4) 1 • (2.32) 
Using expression (2.32) to simpfify the coefficient (1/r + (2/v) v,) in equation (2.30.), we obtain 
u,, + u:: + 2 ikou, + ko [n2 (r, z ) - l l u ---- 0. (2.33) 
If the fractional change in u, over a wavelength is small, then 
lu,,l < 12/k0u, l. (2.34) 
Application of the inequality (2.34), the paraxial approximation, to equation (2.33) enables us to 
drop the term u,,. This gives the parabolic equation, introduced by Tappert 
i 2 i u,f~kotn ( r , z ) -  l]u +-~o un. (2.35) 
We justify equation (2.35) as a result of equation (2.33) by the following derivation. 
Assume the operator O/Or and O/Oz commute, i.e. 
O0  00  
~r~z u ~z~r  u. (2.36) 
Express equation (2.33) in the operator form below 
[0202 0 ] 
~r~+~z~+2/k0~r +k20(n2(r,z)- 1) u •0, 
which can be factored as 
02 0 +i~k20+k2(n2-1)+~-z2]u O. (2.37) [~r + ike- i ~k2 + k20(n2-1) +-~-~z2][~-r + iko = 
If we consider only the outgoing wave, we obtain 
~r + iko - i 20 + k20(n 2- 1) + u = 0. (2.38) 
Let us use equation (2.38) to discuss the PE of Tappert and Ciaerbout with reference to wide-angle 
propagation. 
For a range-independent medium, equation (2.38) is exact; that is, a solution of equation (2.38) 
is also a solution of equation (2.37). Define 
a2 
Q ffi k20 + k20(n 2 - I) + ~ (2.39) 
and 
s = (Q/kD-  1. (2.40) 
Then equation (2.38) can be written as 
0 
u •ffi i (~/-Q - ke)u. (2.41) 
Now, we use a rational function approximation for the square root operator. = 
A + Bq~ 
= k0 (2.42) 
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equation A B C D 
Tappt~t I 1/2 I 0 
Claerbout I 3/4 I I/4 
0 (C  + Bq l )u .  (2.43) Or u ffi iko + Dq 
The selection of different combinations of A, B, C and D correspond to the PEs of Tappert and 
Claerbout. 
Taking Tappert's coefficients, ubstituting them into equation (2.43) and making use of the 
definition of s of equation (2.40), it is easily seen after simplification, that equation (2.43) becomes 
~r u ffi ko(n 2 -  l)-t 2koOz,.ju. 
This is the PE. The verification is left for the reader. 
To derive the PE of Claerbout, we need the inverse operator, (C + Dq)-L The solution to the 
Claerbout equation can be obtained by a finite difference scheme. Since this scheme has not been 
introduced yet, we postpone a detailed iscussion of the Claerbout equation until after the finite 
difference scheme has been developed. 
So far, we have noted only one consequence of employing the parabolic approximation: the 
backscattered field must be negligible. Using the parabolic approximation imposes another 
important limitation. The validity of the parabolic wave equation is restricted to propagation at 
angles close to the horizontal. To see this, let us substitute a trial plane wave solution into our 
two-dimensional f r-field wave equation [equation (2.9)] and into equation (2.43) and compare the 
results. If we substitute 
u ffi exp[i(k,r + k,z)], (2.44) 
into equation (2.9), for k ffi/Co, we obtain 
k, = + ~ .  (2.45) 
Designating O as the angle of propagation with respect o the horizontal, equation (2.45) is 
simply a statement of the trigonometric identity 
cos O - + ~/1 - sin 20. (2.46) 
The appropriate trial plane wave solution for equation (2.43) is 
u ffi exp[i((k, - ko)r + k,z)]. (2.47) 
If equation (2.47) is substituted into equation (2.43), we obtain 
[C - Dk2:/k~](k, - ko) ffi ko[A - C - (B - D )k2:/k2]. (2.48) 
For the Tappert equation, the results analogous to equations (2.45) and (2.46) are 
k, = ko - k~12 ko 
and 
sin' O 
cos O ffi 1 -- T (2.49) 
Equation (2.49) is a good approximation provided the angle of propagation O is less than 15 °. For 
the Claerbout equation, we obtain 
k; l- '  k, 
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or in terms of the propagation angle O 
sin 2 e 
cosO = 1 - - -~[ l - -¼s in20]  - I ,  
which is valid for O < 40 °. Greene, in opt imiz ing the approx imat ion  error,  determined a set o f  
coeli icients valid for a 40 ° p ropagat ion  angle with A -- !.430463, B = 1.139144, C = 1.430648 and 
D = 0.430648. 
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